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Abstract
We discuss linearized gravity from the point of view of a gauge theory. In (3+1)-
dimensions our analysis allows to consider linearized gravity in the context of the
MacDowell-Mansouri formalism. Our observations may be of particular interest in
the strong-weak coupling duality for linearized gravity, in Randall-Sundrum brane
world scenario and in Ashtekar formalism.
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1.- INTRODUCTION
Among the physical features of linearized gravity its similarity with the source free
Maxwell theory seems to be one of the most interesting. As an example of this fact,
recently it was shown [1] that the strong-weak duality for linearized gravity makes
sense as in the Maxwell theory. In this scenario the cosmological constant, or the
Planck length, plays the role of the charge duality transformation. At this respect, it
is worth mentioning that this strong-weak duality, or S-duality, for linearized gravity
seems to have inspired other related works [2] and [3-4].
Maxwell theory is a U(1) gauge theory and therefore one should expect to be
able to identify linearized gravity with some consistent gauge theory. For instance,
in a linearized version of Ashtekar formulation [5], linearized gravity can be identified
with U(1) × U(1) × U(1) abelian gauge theory. However, this is a canonical con-
struction and it is more appropriate to compere it with the corresponding canonical
Maxwell theory. In this work we investigate an alternative gauge theory for lin-
earized gravity. Our approach has the advantage that can be applied in the context
of MacDowell-Mansouri formalism [6]. The present investigation may be of special
interest in Randall-Sundrum brane word scenario [7], in gravitational waves formal-
ism (see [8] and references there in) and in quantum linearized gravity [9]. This
last possibility is of particular interest for the understanding of different aspects of
quantum gravity as has been shown by Hartle [10]. Since the quantum aspects of an
abelian theory are better understood it appears interesting to have a gauge theory
interpretation of linearized gravity.
Another source of interest in linearized gravity as a gauge theory comes from the
observation [11] that linearized gravity in four dimensions can be understood as an
irreducible representation of the de Sitter group S(4,1). We shall show that since
the cosmological constant enters in a natural way in MacDowell-Mansouri theory,
our formalism leads to the de Sitter space, and therefore to the de Sitter group
symmetry S(4,1). Moreover, since recently, Randall-Sundrum brane world scenario
[12] has motivated [13]-[16] the study of a linearized gravity in different backgrounds
and in particular in de Sitter (or anti de Sitter) background, the present work may
be interesting in this direction.
Our work may be also useful to clarify some aspects about the relation between
the mass of the graviton and the cosmological constant which recently has been
subject of some controversy [17]-[18] in connection with causality for the propagation
of a graviton in an electromagnetic background. This is because, once again, the
cosmological constant, in the linearized MacdDowell-Mansouri theory, arises in a
natural way as we shall show in this work.
The plan of this work is as follows: In section 2, we discuss the traditional way to
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see linearized gravity as an abelian gauge theory. In sections 3 and 4, we propose an
alternative theory of linearized gravity as gauge theory. In section 5, we apply our
results to the case of linearized MacDowell-Mansouri theory. Finally, in section 6, we
make some final comments.
2.- LINEARIZED GRAVITY AS A GAUGE THEORY
Here, we closely follow reference [1]. In terms of the linearized metric
gµν = ηµν + hµν , (1)
where hµν is a small deviation of the metric gµν from the Minkowski metric
(ηµν) = diag(−1, 1, ..., 1),
the first-order curvature tensor becomes
Fµναβ = −
1
2
(∂µ∂αhνβ − ∂µ∂βhνα − ∂ν∂αhµβ + ∂ν∂βhµα), (2)
which is invariant under the transformation
δhµν = ∂µξν + ∂νξµ. (3)
Here, ξµ is an arbitrary vector field and ∂µ ≡
∂
∂xµ
.
It is not difficult to see that Fµναβ satisfies the following relations:
Fµναβ = −Fµνβα = −Fνµαβ = Fαβµν ,
Fµναβ + Fµβνα + Fµαβν = 0,
∂λFµναβ + ∂µFνλαβ + ∂νFλµαβ = 0.
(4)
It is interesting to observe that, in 3+1 dimensions, the dual ∗Fµναβ ≡
1
2
ǫµντσF
τσ
αβ ,
where ǫµναβ is a completely antisymmetric Levi-Civita tensor with ǫ0123 = −1 and the
indices are raised and lowered by means of ηαβ and ηαβ , does not satisfy the relations
(4) unless F αµαν satisfies the vacuum Einstein equations Fµν = F
α
µαν = 0.
Let us introduce the ‘gauge’ field
Aµαβ =
1
2
(∂βhµα − ∂αhµβ). (5)
Observe that Aµαβ = −Aµβα. Using (3), we find that Aµαβ transforms as
δAµαβ = ∂µλαβ , (6)
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where λαβ =
1
2
(∂βξα − ∂αξβ) = −λβα.
The expression (5) allows to write the curvature tensor F αβµν as
F αβµν = ∂µA
αβ
ν − ∂νA
αβ
µ . (7)
Thus, we have shown that the tensor F αβµν may be written in the typical form of
an abelian Maxwell field strength F aµν = ∂µA
a
ν − ∂νA
a
µ, where the index a runs over
some abelian group such as U(1) × U(1) × ... × U(1). Note that F αβµν is invariant
under the transformation δAαβµ = ∂µλ
αβ which has exactly the same form as the
transformation of abelian gauge fields δAaµ = ∂µλ
a, where λa is an arbitrary function
of the coordinates xµ.
3.- ALTERNATIVE DESCRIPTION OF LINEARIZED GRAVITY AS A
GAUGE THEORY
The motivation for the present work arose from the observation that although
F αβµν has the typical form of an abelian field strength, Aµαβ has also such a form. In
fact, some authors (see [17] and references therein) take the combination AµαβA
µαβ
as part of the kinetic term in the Fierz-Pauli action [19]. In what follows we shall
show that in fact F αβµν and Aµαβ can be associated to the curvature of a gauge field,
but while F αβµν can be identified with the genuine reduced curvature, Aµαβ is related
to the torsion. We shall also clarify the group aspects associated to F αβµν and Aµαβ .
Consider a SO(n, 1) gravitational gauge field ωABµ = − ω
BA
µ , where the index µ
runs from 0 to n − 1. Assume that such a gauge field is broken into a SO(n− 1, 1)
gauge field connection ωabµ and the ω
na
µ = e
a
µ vierbein field, with n as a fixed index
With these notation we find that the SO(n, 1) curvature
RABµν = ∂µω
AB
ν − ∂νω
AB
µ + ω
AC
µ ω
B
νC − ω
AC
ν ω
B
µC (8)
leads to
Rabµν = R
ab
µν − Σ
ab
µν (9)
and
Rnaµν = ∂µe
a
ν − ∂νe
a
µ + ω
ac
µ eνc − ω
ac
ν eµc, (10)
where
Rabµν = ∂µω
ab
ν − ∂νω
ab
µ + ω
ac
µ ω
b
νc − ω
ac
ν ω
b
µc (11)
is the SO(n− 1, 1) curvature and
Σabµν = e
a
µe
b
ν − e
a
νe
b
µ. (12)
It turns out that T aµν ≡ R
na
µν can be identified with the torsion.
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Let us now assume a vanishing torsion; T aµν = 0. From (10) it follows that
∂µe
a
ν − Γ
α
µνe
a
α + ω
ac
µ eνc = 0, (13)
where Γαµν = Γ
α
νµ. Using (13) we find that ωµνα = eνaeαbω
ab
µ becomes
ωµνα =
1
2
(eαaΛ
a
µν + eµaΛ
a
αν + eνaΛ
a
αµ), (14)
where
Λaµν = ∂µe
a
ν − ∂νe
a
µ. (15)
The viernbein field eaµ and the metric gµν can be related through the formula
gµν = e
a
µe
b
µηab, (16)
where ηab is an internal Minkowski metric.
So far we have not considered any approximation. In the linear case, we can write
eaµ = b
a
µ + l
a
µ. Thus, considering that ηµν = b
a
µb
b
νηab, at first order the expression (16)
becomes
gµν = ηµν + b
a
µl
b
νηab + b
a
ν l
b
µηab. (17)
Therefore, by comparing this expression with (1) we find
hµν = lµν + lνµ. (18)
Here, we used the definition lµν ≡ b
a
νl
b
µηab. To first order the formula (14) becomes
ωµνα =
1
2
(bαa(∂µl
a
ν − ∂νl
a
µ) + bµa(∂αl
a
ν − ∂ν l
a
α) + bνa(∂αl
a
µ − ∂µl
a
α)). (19)
Considering that ∂µbαa = 0 and that lµν = bνal
a
µ we find that this expression can also
be written as
ωµνα =
1
2
((∂µlνα − ∂νlµα) + (∂αlνµ − ∂ν lαµ) + (∂αlµν − ∂µlαν)). (20)
Now using (5) and (18) we discover that (20) can be written as
ωµνα = Aµνα +
1
2
∂µfνα, (21)
where
fνα = (lνα − lαν). (22)
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Therefore, we have shown that up to a gauge transformation ωµνα and Aµνα describe
the same physics. From (7), we also find that to first order
Rabµν = b
a
αb
b
βF
αβ
µν . (23)
With these results at hand we observe that the reason that Aµνα has the form given
in (5) is because the torsion vanishes. Now that we have the links ωµνα ↔ Aµνα and
Rabµν ↔ F
αβ
µν we may proceed to analyze the group structure underling such links.
4.- GROUP STRUCTURE IN LINEARIZED GRAVITY
In order to capture the group information in the development of the previous
section we introduce the generator JAB = −JBA associated to the group SO(n, 1)
and we write ωµ and Rµν as
ωµ =
1
2
ωABµ JAB (24)
and
Rµν =
1
2
RABµν JAB, (25)
respectively.
It turns out that Rµν can be written in terms of ωµ in the form
Rµν = ∂µων − ∂νωµ +
1
4
[ωµ, ων], (26)
where [ωµ, ων ] is determined by the Lie algebra
[JAB, JCD] =
1
2
CEFABCDJEF . (27)
Here, CEFABCD are the structure constants associated to SO(n, 1). This algebra can be
written as
[Jab, Jcd] =
1
2
C
ef
abcdJef , (28)
[Jna, Jcd] = C
nf
nacdJnf = δacJnd − δadJnc, (29)
[Jna, Jnb] =
1
2
C
ef
nanbJef = Jab. (30)
Using (28)-(30) we find that (26) becomes
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Rµν =
1
2
(∂µω
ab
ν − ∂νω
ab
µ )Jab + (∂µω
nb
ν − ∂νω
nb
µ )Jnb
+1
4
[Jab, Jcd]ω
ab
µ ω
cd
ν +
1
2
[Jna, Jcd](ω
na
µ ω
cd
ν − ω
cd
µ ω
na
ν )
+[Jna, Jnb]ω
na
µ ω
nb
ν .
(31)
In order to study the linearized approximation of (31) let us write ωabµ →
1
λ
ωabµ and
ωnaµ → b
a
µ+
1
λ
laµ where λ is an auxiliary parameter measuring the order of approxima-
tion. The expression (31) becomes
Rµν =
1
2λ
(∂µω
ab
ν − ∂νω
ab
µ )Jab +
1
λ
(∂µl
a
ν − ∂ν l
a
µ)Jna
+ 1
4λ2
[Jab, Jcd]ω
ab
µ ω
cd
ν +
1
2λ
[Jna, Jcd](b
a
µω
cd
ν − ω
cd
µ b
a
ν) +
1
2λ2
[Jna, Jcd](l
a
µω
cd
ν − ω
cd
µ l
a
ν)
+[Jna, Jnb]b
a
µb
b
ν +
1
λ
[Jna, Jnb](b
a
µl
b
ν − l
b
µb
a
ν) +
1
λ2
[Jna, Jnb]l
a
µl
b
ν .
(32)
From this expression it is evident that when λ→∞ the term 1
4λ2
[Jab, Jcd]ω
ab
µ ω
cd
ν may
be interpreted as a Wigner contraction leading to [Jab, Jcd] = 0 in the limit λ → ∞
and therefore the group structure with respect to this bracket in the limit λ → ∞
corresponds to an abelian theory. However, we observe that since there are both
factors 1
λ
and 1
λ2
in connection with the brackets [Jna, Jcd] and [Jna, Jnb], it is not
possible to apply a Wigner procedure to these two brackets and therefore the theory
do not admit the interpretation of an abelian theory with respect these two brackets.
From these observations it follows that in the limit λ→∞ the algebra (28)-(30) can
be taken as
[Jab, Jcd] = 0, (33)
[Jna, Jcd] = C
nf
nacdJnf = δacJnd − δadJnc, (34)
[Jna, Jnb] =
1
2
C
ef
nanbJef = Jab. (35)
Thus, we have shown that it is consistent to substitute from the beginning the algebra
(33)-(35) into (32) and then to proceed to eliminate terms of order 1
λ2
. In a essence
what we have proved is that in the limit λ→∞ it makes sense to take the subgroup
SO(n− 1, 1) of SO(n, 1) as a ‘collapsed’ abelian group.
5.- THE ACTION STRUCTURE FOR A GAUGE THEORY OF LIN-
EARIZED GRAVITY IN FOUR DIMENSIONS
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So far we have analyzed linearized gravity at the level of gauge field and its
correspondent curvature. In order to complete our analysis we need to introduce an
action. In this scenario the Lovelock theory [20] seems to be the most indicated for
our goal. Just to avoid unnecessary complications in the general case, here, we focus
on the Lovelock theory in four dimensions which has become known as a MacDowell-
Mansouri theory [6].
In four dimensions the gauge group SO(n, 1) becomes the de Sitter group SO(4, 1).
In this case, the gravitational gauge field ωABµ is broken into the SO(3, 1) connection
ωabµ and the ω
4a
µ = e
a
µ tetrad field. Thus, in the weak field approximation, the SO(4, 1)
de Sitter curvature (8) leads to
Rabµν = R
ab
µν − Σ
ab
µν (36)
and
R4aµν = ∂µl
a
ν − ∂ν l
a
µ + ω
ac
µ bνc − ω
ac
ν bµc, (37)
where
Rabµν = ∂µω
ab
ν − ∂νω
ab
µ (38)
is the linearized curvature and
Σabµν = b
a
µb
b
ν − b
a
νb
b
µ + b
a
µl
b
ν − b
a
ν l
b
µ + l
a
µb
b
ν − l
a
νb
b
µ. (39)
Here, in the computation of Σabµν , we have used the relation e
a
µ = b
a
µ + l
a
µ and the
approximation laµl
b
ν = l
a
ν l
b
µ = 0. From (39) we find that Σ
αβ
µν = b
α
a b
β
bΣ
ab
µν is given by
Σαβµν = δ
αβ
µν + Ω
αβ
µν , (40)
where
δαβµν = δ
α
µδ
β
ν − δ
β
µδ
α
ν (41)
and
Ωαβµν = δ
α
µ l
β
ν − δ
α
ν l
β
µ + l
α
µδ
β
ν − l
α
ν δ
β
µ . (42)
The MacDowell-Mansouri’s action is
S =
1
4
∫
d4xεµναβRabµνR
cd
αβǫabcd, (43)
where εµναβ is the completely antisymmetric tensor associated to the space-time, with
ε0123 = 1 and ε0123 = 1, while ǫabcd is also the completely antisymmetric tensor but
now associated to the internal group S(3, 1), with ǫ0123 = −1. We assume that the
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internal metric is given by (ηab) = (−1, 1, 1, 1). Therefore, we have ǫ
0123 = 1. It is
well known that, in the general case, the action (43) leads to three terms; the Hilbert
Einstein action, the cosmological constant term and the Euler topological invariant
(or Gauss-Bonnet term). It is worth mentioning that the action (43) may also be
obtained considering Lovelock theory [20] in four dimensions.
In the linearized case the action (43) can be written as
S =
1
4
∫
d4xǫµναβRαβµνR
ρσ
αβǫαβρσ, (44)
with Rαβµν = b
α
a b
β
bR
ab
µν . Using (36) and (40) we find
S = 1
4
∫
d4xǫµναβRγδµνR
ρσ
αβǫγδρσ −
1
2
∫
d4xǫµναβδγδµνR
ρσ
αβǫγδρσ
−1
2
∫
d4xǫµναβΩγδµνR
ρσ
αβǫγδρσ +
1
4
∫
d4xǫµναβδγδµνδ
ρσ
αβǫγδρσ
+1
2
∫
d4xǫµναβΩγδµνδ
ρσ
αβǫγδρσ +
1
4
∫
d4xǫµναβΩγδµνΩ
ρσ
αβǫγδρσ .
(45)
From (45) and (38) we observe that the second terms is total derivatives. The fourth
term is just a constant and therefore can be drooped from the action. The fifth term is
proportional to tr(lαβ ) =
1
2
tr(hαβ) and can be dropped in a gauge fixing tr(h
α
β) = 0. The
first term is also a total derivative but it is useful to keep it for S-duality considerations
[1]. Therefore, considering the dynamic and topological important terms the action
(45) is reduced to
S = 1
4
∫
d4xǫµναβRγδµνR
ρσ
αβǫγδρσ −
1
2
∫
d4xǫµναβΩγδµνR
ρσ
αβǫγδρσ
+1
4
∫
d4xεµναβΩγδµνΩ
ρσ
αβǫγδρσ.
(46)
This action was the starting point in reference [1] in connection with the S-duality
for linearized gravity. Using (41) and (42) we find
S = 1
4
∫
d4xǫµναβRγδµνR
ρσ
αβǫγδρσ − 2
∫
d4xǫµναβδτµl
λ
νR
σρ
αβǫτλσρ
+4
∫
d4xǫµναβδτµl
λ
ν δ
σ
αl
ρ
βǫτλσρ.
(47)
Since ǫµναβδτµǫτλσρ = −δ
ναβ
λσρ and ǫ
µναβδτµδ
σ
αǫτλσρ = −2δ
νβ
λρ , where in general δ
µναβ
τλσρ is a
generalized delta, we discover that (47) can be written as
S = 1
4
∫
d4xǫµναβRτλµνR
σρ
αβǫτλσρ − 4
∫
d4xhµν(Rµν −
1
2
ηµνR)
−2
∫
d4x(h2 − hµνhµν)− 2
∫
d4xfµνfµν).
(48)
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Here, we used the following definitions: Rµν ≡ η
αβRµανβ , R ≡ η
µνηαβRµανβ and
h ≡ ηµνhµν = 2η
µνlµν . Further, we considered that Rµν = Rνµ and h
µνRµν = 2l
µνRµν .
We recognize the second term and the third term in (48) as the Einstein action for
linearized gravity with cosmological constant, while the first term is a total derivative.
The last term in (48) becomes a total derivative under the transformation δhµν =
∂µξν + ∂νξµ, given in (3), since in this case according to (6) and (21) one may have
fµν = (∂µξν − ∂νξµ).
It is worth mentioning that in order to study S-duality for linearized gravity the
action (44) was generalized in the form [1]
S =
1
4
(+τ)
∫
d4xǫµναβ+Rτλµν
+R
σρ
αβǫτλσρ −
1
4
(−τ)
∫
d4xǫµναβ−Rτλµν
−R
σρ
αβǫτλσρ, (49)
where +τ and −τ are two different constant parameters and ±Fαβµν is given by
±Fαβµν = (
1
2
)±Mαβτλ F
τλ
µν , (50)
where
±M
αβ
τλ =
1
2
(δαβτλ ∓ iǫ
αβ
τλ). (51)
It turns out that +Fαβµν is self-dual, while
−Fαβµν is anti self-dual curvature. Therefore,
the action (49) describes self-dual and anti-self-dual linearized gravity.
6.-FINAL COMMENTS
In this article, we have investigated different aspects of linearized gravity as a
gauge theory. We showed that linearized gravity can be understood as an abelian
gauge theory only in connection with the subgroup S(n− 1, 1) but not in connection
with the full group S(n, 1). We apply our observations to the case of MacDowell-
Mansouri theory in four dimensions showing that our proposed method leads to the
Fierz-Pauli action in the weak field limit. Furthermore, we argued that our results
can be directly used in the case of S-duality for linearized gravity.
In fact, in reference [1] it was discovered that the S-duality for linearized gravity
leads to the cosmological constant duality Λ → 1
Λ
, in a similar form as an abelian
gauge theory leads to the duality of the gauge coupling constant g2 → 1
g2
. The results
of the present work seems to confirm this analogy since we showed that in a strictly
sense linearized gravity can be in fact understood as an Abelian gauge theory. More-
over, it is evident from reference [1] that instead of the duality Λ → 1
Λ
it is possible
to consider the duality symmetry lp →
1
lp
(or the more general duality transformation
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lpΛ →
1
Λlp
). It is worth mentioning that recently, there have been much interest in
the strong coupling limit of linearized gravity [4] via the duality lp →
1
lp
. It may be
interesting for further research to see if our present study is useful in this direction.
Other possible application of the results of the present work is in connection with
the non-minimal coupling for spin 3/2 field studied in reference [21]. In this reference
the authors find the non-minimal coupling for spin 3/2 by applying the method of
‘square root’ to the constrains of spin 2 gauge field [22]. These constrains are obtained
considering the traditional method of linearized gravity presented in section 2. Now,
that we have found the route to see linearized gravity as a gauge theory it seems
interesting to revisited the coupling for spin 3/2 field. This possibility may shed some
light on quantum linearized supergravity and since supergravity is an essential part
of M-theory [23-25] one should expect eventually to gain some better understanding
of such a theory. This seems a viable route to follow because it has been proved [26]
that massive spin 2 coupled to gravity is deeply connected to string theory.
Finally it has been studied [27] the role of little group in linearized gravity obtain-
ing the result that the translational subgroup of the Wigner’s little group acts as a
generator of linearized gravity only when the space time has dimension four. It may
be interesting for further research to investigate this intriguing result from the point
of view of the present work.
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